We show that an effective Abelian gauge theory can be obtained as a renormalizable theory from QCD in the maximal Abelian gauge. The derivation improves the previous version which was obtained by one of the authors and was called the Abelianprojected effective gauge theory. This result supports a view that we can construct an effective Abelian gauge theory from QCD without losing characteristic features of the original non-Abelian gauge theory. In fact, it is shown that the effective coupling constant in the resulting renormalizable theory has the renormalization-scale dependence governed by the β-function which is exactly the same as the original Yang-Mills theory (irrespective of the choice of gauge fixing parameters of the maximal Abelian gauge and the parameters used for identifying the dual variables). By choosing the renormalized parameters appropriately, we can switch the theory into the electric or magnetic theory.
Introduction
It is widely recognized that Quantum Chromodynamics (QCD) as a non-Abelian gauge theory with color gauge group SU(3) could explain quark and gluon confinement and more generally color confinement, although there is no rigorous proof so far. Various physical phenomena that we can observe in experiments should be gauge independent. However, the quantized gauge field theory is consistently formulated only in the gauge-fixed form at least in the continuum formulation, in contrast to the lattice formulation. Even QCD is not an exception. Therefore, the continuum QCD with a gauge-fixing and the associated Faddeev-Popov (FP) ghost term can be written only in (an arbitrary but) a specific gauge. Traditionally, the Lorentz gauge ∂ µ A µ = 0 has been extensively examined as a manifest covariant gauge, perhaps because Quantum Electrodynamics (QED) was successfully formulated in this gauge. Therefore there are numerous literatures on the Lorentz gauge. However, it turns out that the Lorentz gauge in the non-Abelian gauge theory is plagued with Gribov ambiguities. It is not clear how color confinement criteria in the Lorentz gauge are compatible with intuitive pictures of quark confinement represented by the dual superconductor picture [1] and QCD string.
The developments on quark confinement in the last decade [2] indicate that, within the present technology, the maximal Abelian (MA) gauge [4] realizing the idea of the Abelian projection [3] seems to be the most promising gauge in which the dual superconductor picture of QCD vacuum could be derived directly from QCD. They have confirmed the Abelian dominance in low-energy region of QCD, which was conjectured to hold in [5] and first discovered in [6] based on Lattice simulations. Moreover, the MA gauge is expected to be free from Gribov problem due to its nonlinearity.
In the previous paper [7] , we have derived an effective Abelian gauge theory directly from QCD in the MA gauge by integrating out all the off-diagonal fields. The resulting theory was called the Abelian-projected effective gauge theory (APEGT). This derivation supports a view that one can construct an effective Abelian gauge theory from QCD without losing some characteristic features of the original non-Abelian gauge theory. In fact, it was shown [8, 7] that the effective coupling constant g(µ) in the APEGT has the renormalization-scale µ dependence governed by the β-function
which is exactly the same as the original Yang-Mills theory, exhibiting the asymptotic freedom. These results suggest in the analytical approach the Abelian dominance in low-energy region of QCD. The investigations along this direction have been performed by one of the authors and his collaborators [9, 10, 11, 12, 13, 14, 15] .
In the derivation of the APEGT [7] , we have introduced an auxiliary anti-symmetric tensor field B µν to convert the quartic off-diagonal gluon interaction into the quadratic form in the off-diagonal gluon fields. This procedure enabled us to perform the integration over the off-diagonal gluons exactly for the gauge group G = SU(2). Moreover, the Abelian tensor field B µν can be regarded as a Hodge dual of a composite field which consists of the electric field (gauge potential). This viewpoint becomes quite important in obtaining the dual theory which is expected to be the dual GinzburgLandau theory, see [7] .
However, there was an ambiguity as to the identification of the dual field B µν .
In fact, the resulting APEGT can depend on how the B µν is identified as the dual, although two choices were tried in the previous paper [7] . Moreover, the resulting APEGT does not have the renormalizable form in the sense that the integration (or radiative correction) induces the new terms which are absent in the original Lagrangian. The failure of renormalizability implies the impossibility of performing the systematic evaluation based on the APEGT. In this paper, we get rid of this ambiguity and the difficulty mentioned above by deriving the renormalizable APEGT. The renormalizable APEGT has a definite meaning irrespective of the way of identification for B µν . The renormalizable APEGT opens a promising way for performing higher order calculations, e.g., recovery of twoloop β-function of the original Yang-Mills theory based on the APEGT, see [16] . In this sense, this paper supplements and improves the previous work [7] . In this paper, it is shown that the β function of the original Yang-Mills theory is obtained in the APEGT irrespective of the choice of gauge fixing parameters for the maximal Abelian gauge and also of the parameters introduced for identifying the dual variables. Moreover, we calculate the anomalous dimensions for the diagonal (Abelian) fields. The renormalization-group functions obtained in this way determine the scaling behavior of the vertex function in the APEGT.
2 Lagrangian in the MA gauge
The gauge invariant part
The Yang-Mills Lagrangian is given by
where F A µν is the non-Abelian field strength defined by
Now we consider the decomposition of the non-Abelian gauge theory into the diagonal and off-diagonal components. In the following we distinguish the indices as follows:
We write the decomposition of the gauge potential into the diagonal and off-diagonal components as
First, the Yang-Mills Lagrangian is decomposed as
Next, we introduce the auxiliary tensor field B 
Therefore, Q µν is expected to be at most quadratic in the gauge potential from the renormalizability:
The advantages of this choice will be clarified shortly. The diagonal piece of the YM Lagrangian is expanded as
Thus the simplest form satisfying (6) and (7) is given by
In particular, when ρ = σ, Q (7) is a generalization of that of the previous paper [7] in which two special cases, ρ = σ = 1 and ρ = 0, σ = 1 have been discussed as eq. (2.9) and eq. (2.12) respectively [7] .
On the other hand, by defining the covariant derivative with respect to the Abelian gauge filed,
the off-diagonal piece is rewritten as
Maximal Abelian gauge fixing
By making use of the Becchi-Rouet-Stora-Tyupin (BRST) transformation δ B , the gauge fixing and Faddeev-Popov (FP) ghost term is obtained as
for the gauge fixing condition F a of the off-diagonal piece and F i of the diagonal one with gauge fixing parameters α and β respectively whereC A is the anti-ghost field and φ A is the Nakanishi-Lautrup Lagrange multiplier field. We adopt the maximal Abelian (MA) gauge for the off-diagonal piece,
whereas the Lorentz gauge is chosen for the diagonal piece,
Here the BRST transformation is given by
It should be remarked that the covariant derivative
Thus we obtain
Total Lagrangian and the
The total Lagrangian is obtained by summing up (9), (11) and (16),
We separate each field Φ into the background (classical field)Φ and the quantum fluctuation fieldΦ, Φ =Φ +Φ, i.e., A =Ā +Ã, B =B +B, φ =φ +φ, C = C cl +C, C =C cl +C (Here we have used a different notation for the ghost and anti-ghost field to avoid unnecessary confusion). Here the background fieldΦ is supposed to satisfy the equation of motion.
2 Substituting this decomposition into (17), we find that the linear terms in the fluctuation fieldΦ vanish due to the equation of motion, 
That is to say, under the residual gauge transformation, all the diagonal fields butĀ 
The resulting effective Lagrangian reads
We can observe that the renormalization for g andĀ
leads toD
2 This standpoint is different from the one adopted in the previous paper [7] . However, it is always possible to translate one result into another one. See the footnotes below.
3 Even ifΦ does not satisfy the equation of motion, the cross term between the diagonal field and the off-diagonal one can disappear as tr[
. This is the case of the MA gauge where the background field has the diagonal component alone and the fluctuation field is given by the off-diagonal components alone, i.e.,Φ =
Hence, the renormalizability requires the relation,
This relation can also be derived from the Ward-Takahashi identity for the residual U(1) N −1 symmetry which is preserved thanks to the background field method [18] , as has been demonstrated in the SU(2) case (N = 2) [7] .
3 Renormalization and β-function
General consideration
If we perform the functional integration over fluctuation fields, the divergence appear as a quantum effect. This divergence can be removed by the renormalization of the fields (Φ,Φ), the coupling constant g and two parameters ρ, σ. To simplify the argument, we first pay attention to the divergence appearing in the sub-graph with external linesΦ. SinceΦ does not appear in the internal lines, we can putΦ = 0. Hence we considerL which is obtained from (17) by replacing Φ withΦ. After integrating overB andφ inL, we obtaiñ
Thus we find thatL does not depend on ρ, σ. It can be shown that the divergence can be absorbed into the renormalization ofÃ,C,C and g by the multiplicative renormalization. Then the renormalization constant Z g of g is independent of ρ, σ and hence the β-function is also independent of ρ, σ. The simplest way to estimate the renormalization ofÃ,C,C and g is to consider the renormalization of the propagators ofÃ,C,C and of theÃCC-vertex. Nevertheless, it will be rather difficult to calculate the higher-point vertex when we consider the higher loop effect. Anyway,L does not depend on ρ, σ and we don't have to consider the renormalization of the internal lines hereafter. Next, we estimate the graph which has onlyĀ i andB i as the external lines. We don't have to consider the renormalization of internal linesΦ, since it appears only in the internal lines and the renormalizations ofΦ have been performed in the above step. This fact is well known in the background field method, see [18] . We have only to consider the renormalization ofĀ i ,B i , g, ρ, σ. SettingΦ a = 0 (the absence of off-diagonal background fields) in the Lagrangian, 4 we obtain
where the last termL
It is not difficult to see that the renormalization ofĀ i ,B i , g, ρ is enough at oneloop level. In fact, the classical (background field) part is given byL c which does not contain σ. The renormalization of σ does appear at two-loop level. An advantage of the background field method is that we have only to calculate the vertex function at one-loop level to know the renormalization of σ at two-loop level. Furthermore, it is enough to consider the three propagatorsĀ-Ā,B-B,Ā-B in order to obtain the β-function (at one-loop level). The reason is as follows. At first glance, we need five relationships which completely specify the renormalization ofĀ i ,B, g, ρ and σ. However, we have an additional relation (23) between the renormalization constants forĀ i and g, and there is a fact that we don't have to consider the renormalization of σ at one-loop as just mentioned above. In order to determine all the renormalization factors, therefore, we need only three independent relations (at least one-loop level) which are provided by the renormalization conditions (counterterms) of three propagators as will be calculated below.
Feynman rules
The Feynman rules are given as follows, see Fig. 1 . We enumerate only a part of the rules which are necessary for the renormalization at one-loop level. The two-loop result will be given in a subsequent paper [16] .
Propagators
(a) Fluctuation off-diagonal gluon propagators:
(b) Fluctuation ghost propagators:
are negligible in the low-energy region of QCD. In other words, the off-diagonal component doesn't have the low-energy mode from the viewpoint of Wilsonian renormalization group. In contrast to the off-diagonal component, the diagonal component has both the high-energy and the low-energy modes.
In the present treatment, the high-energy modes of the diagonal and the off-diagonal components are integrated out, although the integration of the diagonal high-energy mode was ignored in the previous treatment [7] . However, the result is unchanged at least in one-loop level. See [16] for more details. 
Three-point vertices
(c) one diagonal and two off-diagonal gluons:
where we have introduced the abbreviated notation,
(d) diagonal gluon, off-diagonal ghost and anti-ghost:
(e) diagonal tensor and two off-diagonal gluons:
Four-point vertices
(f) two diagonal gluons and two off-diagonal gluons:
(g) two diagonal gluons, off-diagonal ghost and anti-ghost:
Counter terms
By substituting the following renormalization relations into the Lagrangian (27),
we obtainL
On the other hand, the renormalized Lagrangian with the counter term is written as
By equating (37) and (38), we find
where we have used the expansion of the renormalization factor,
Φ being the n-loop contribution.
β-function and anomalous dimension
The three propagators (Ā R ) in Fig. 1 . Consequently, (a1)+(a2)+(a3)+(a4), (b) and (c) give the counterterms of the respective propagator defined by
Straightforward but a little bit tedious calculations using the dimensional regularization 5 determine δ 1 , δ 2 and δ 3 as
where C 2 is a quadratic Casimir operator defined by C 2 (G)δ AB = f ACD f BCD and C 2 (G) = N for G = SU(N). Finally, by equating (39) and (41), we obtain
Both contributions from (a3) and (a4) vanish in the dimensional regularization.
The renormalization factor of the coupling constant is obtained from (23) as
This implies that the renormalization of g does not depend on ρ, σ and the gauge parameter α. Therefore, the β-function is also independent of the choice of ρ, σ and of the gauge parameter α. The resulting β-function exactly coincides with the one-loop β-function of the original SU(N) Yang-Mills theory,
exhibiting the asymptotic freedom. Moreover, the anomalous dimension of the fields A i µ ,B i µν and the parameters ρ, β is obtained as
It turns out that the anomalous dimension depends in general on the gauge parameter α. But γ A is independent of α as expected from the background field method [18] .
Conclusion and discussion
By requiring the renormalizability, we have derived the renormalizable Abelian-projected effective gauge theory (APEGT) as a low-energy effective theory of QCD. The essential part is given by
The coupling constant g R in the APEGT runs according to the β-function which is exactly the same as the original Yang-Mills theory. The obtained β-function does not depend on the parameters ρ, σ and the gauge fixing parameter α of the MA gauge.
The advantages of the renormalizable APEGT are as follows. Thanks to the renormalizability, the identification between the dual field B µν and the original field f µν is preserved after the renormalization,
Note that σ does not appear in this relation, simply because we have putĀ a µ = 0 in the derivation of (27). Moreover, we can switch the APEGT to the electric theory by putting ρ R = 0,
where we rescaled the field by the coupling constant. Hence we can avoid an unnatural argument for deriving this form claimed in Eq.(2.58) of [7] . Therefore, the APEGT is expected to be closed at each loop.
In the similar way, we can switch the APEGT to another theory by putting ρ R = 1,
without an unusual renormalization factor. This is a candidate of the magnetic theory as demonstrated in section IV of [7] . Moreover, after decomposing the anti-symmetric tensor B i µν into the (dual) gauge field b i µ using the Hodge decomposition and integrating out the b i µ , 6 we obtain the monopole action,
where D µν (x, y) is the massless vector propagator and k µ is the magnetic monopole current defined by k µ := ∂ ν * f µν R .
This derivation should be compared with the previous one Eq.(4.4) of [7] . The off-diagonal gluon mass will be generated by the quartic ghost interaction which is necessary for renormalizability [19] , since the MA gauge is a nonlinear gauge, see [15, 20] for details. It is desirable to include this effect in the APEGT within the above framework which will be reported in [16] . Another important question to be answered is whether the above structure of APEGT is preserved at two-loop level or not. These issues will be discussed in the subsequent paper [16] .
